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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

RESEARCH ME” 

A METHOD FOR CALCULATmG TRE AERODYNAMIC LOADING 

DN WmG-TIP-TANK CCNBINATIONS 

IN SUBSONIC FLOW 

By Samuel U . Robinson, Jr . , and Martin  Zlotnick 

An era l f l ica l  method for   calculat ing the aerodynamic l o d i n g  on 
wing-tip-tsnk  combinations i n  subsonic f l o w  is developed  by  using a 
simple  horseshoe  vortex-inage  system for the case  of the tar..?.! a x i s   i n  the 
plane of the wir-g. 

.c An- i l l u s t r a t ive  example is given i n  the appendix, i n  which w i n g  
an6 t ip-tank  loadings are calculated  for  three  configurations.  The 

data. 
I calculated results ere shown t o  be i n  good agreenent w i t h  experimental 

INTRODUCTION 

With external wing t i p  tanks coming in to  more general  usage, an 
analyt ical  method f o r   c d c u l a t i n g  the ef fec ts  of mtual interference 
between w i ~ g  and t i p  taa w i l l  be valuable.  This  interference may 
cause large  differences  in wing tors ion end bending moment from the 
wing-alone values and may introduce  significant changes in  the  perform- 
ance and s tab i l i ty   charac te r i s t ics  of the aircraft. 

Reference 1 presects a method l o r   c d c u l a t i n g  the  lift induced on 
the ?uselage of a wing-fuselage  combimtson f o r  incompressible f l o w  
using as a basis f o r  i ts  development the mathematical model consisting 
of a set of horseshoe  vortices and t h e i r  images to   represec t  a w i n g  of 
arbi t rzry  plan form i n  the presence of an ir?s”inite  cylinder. Tnis 
method affords a means of determining the dis t r ibut ion of the i n h c e d  
l i f t  on the  body end of the additional wing  lift and is va l id   fo r  con- 
figurations of varying  plan forns and wing-span-body-diater  ratios. 
In  using this method t o  conpute  loadings at high subsonic  speeds, the 
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Prandtl-Glauert  correction  for  compressibility may be applied  in the 
same manner a s   f o r  a wing alone. 

In  t h i s  paper, an exLension of the work of reference 1 t o  the 
unsymmetrical  case is made t o  provide a method of calculating  the 
desired loadings on the wing-tip-tank  combinations i n  which the tank 
axis  lies i n  the plane of the wing .  

SYMBOLS 

aspect r a t i o ,  b2/S 

radius of an inf ini te   c i rcular   cyl inder   represent ing  the  t ip  
tank 

wing span 

l i f t  coefficient,  L/ 9s 

tank lift coefficient, &/qs 

tenk pitching-moment coefficient,  M/q%x 

section l i f t  coefficient,  2/qc 

wing chord 

diameter of t i p  tank 

length of t i p  tank 

downwash f'unctions f o r  t ra i l ing  vortex 

dommsh  functions f o r  b o d  vortex 

sect  ion lift 

Total lift 

to ta l   p i tch ing  moment 

local  pressure 

free-stream dynamic pressure 
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" rt  radius of tip  tank 

S 
t. 

S 

U 

U 

V 

W 

X 
- 

semispan of reference  horseshoe  vortex, b/16 

wing  area 

longitudinal  comFonent  of f ree-stream  velocity 

longitudinal  comgonent  of  local  velocity 

volume 

verticel  componeEt of l o c a l  velocity  (downwash) 

longitudinal,  laterel,.arA  vertical  coordinates,  respectively 

longitudinal  ordinate  of  center  of  pressure on tenk 

&(i) width  of an image  vortex 

a angle of attack 

r vortex  strength 

d correction  factor for finite body length 

tl correction  factor for semi-infinite body 

?b taper  ratio 

A sweep  angle 

c 

- 

Superscripts : 

* dimensionless  with  respect  to b/2 

I dimensionless  with  respect  to s 

1 1  dimensionless  with  respect  to  rt 

I t 1  dimensionless  with  respect to amax 

(i) function of inage vortex 
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Subscripts : 

NACA RM L5318 

n running  index, lift points or horseshoe vortices 

m number of  horseshoe vortices  representing wing 

ot   center   l ine of t i p  tank 

P index of downwash s ta t ions  

g geometric 

t pe r t a in ing   t o   t i p   t ank  

W pertaining t o  wing 

wo pertaining t o  wing alone 

LE leading edge of wing t i p  

T per ta ining  to  wing t i p  

U upper surface of body 

2 lower surface of body 

wt pertaining  to  wing-tip-tank  conibination 

B pertaining t o  body-alone component 

BASIC CONSIDERATIONS 

For analytical  treatment,  the wing-tip-tank con'oimtion i n  subsonic 
flow may be represented by a horseshoe  vortex  system similar t o  that 
used in   re fe reme 1 fo r  wing-fuselage  combinations. The wing i s  replaced 
by a se t  of horseshoe vortices and the  tip  tank,  represented by an 
infinite  cylinder,  is replaced by the  a g e s  of the wing vortices. 

A mathematically  rigorous  solution t o  this idealized problem would 
require  calculation of an additional  potential  within  the  cylinder, 
since  the image vortices  alone  satisfy the  boundary conditions o n l y  i n  
particular  locations on the cylinder. However, as in  reference I, this 
additionel  potential  can be shown t o  produce  zero net l i f t  and moment 
on the  cylinder.  Tnerefcre,  using only  the vortex-image  system, a 
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m -  
straightforward method may be developed for   calculzt ing  the lift induced 
on z cyl indrical  body at tached  to  the wing t i p .  With modi2icatioas t o  
t he  vortex-image  system, the spanwise lift dist r ibut ion on the  wing 
with  tank  attached cen be  calculated  approximately. 

In   addi t ion   to   the  induce& lift component of the  loading on the 
t i p  tank, which is independent of the  angle of a t tack 03 the t i p  tank 
itself and w h i c h  depends only on the spanwise loading of the wing ,  
there is a re la t ive ly  small coqonent of loading due t o  the angle of 
a t tack of the bow ( refer red   to  hereinafter as tine "body alone" lift) 
which c&n be caiculated  approximately  using Munk's airship  theory. To 
t reEt  a practical  configuration, it is necessary t o  correct the induced 
l i f t  on the t a - e   s l i g h t l y   f o r   f i n i t e  body l e w h ,  end the body-elone 
lift f o r  the  par t icular  tank loc&tion. 

C f i C W n i O N  OF LlFT AND MciMENT ON TIP TANKS 

In  this section, the derivation of the expression f o r  the  induced 
1iI"t on En infinite cylinder due t o  an  externel horseshoe  vortex a d  
i t s  inage  within the cylinder is presented. The 1st of each of a 
group of such vortices i s  superiqosed  to   calcul&te the lift induced on 
a t i p  te&. Tcis is followed  by a calculation of the body-alone lift 
on a slender body of revolution,  with  corrections  for the par t icu lar  
configuration. Added together,  these two colrponents give the t o t a l  
l i f t  and moment on t h e   t i p  tenk. 

Induced L i f t  

Vortex-image systen.- A horseshoe  vortex of width y2 - yl outside 
of an  illfinite  cylinder of radius a is shown i n  figure 1. AD imge 

horseshoe  vortex of width - a2 - - lies within the cyliader,   satisfying 

the boundary condition of zero  flow 110me1 t o  the cylinder -ill only at 
x = +a, in  the  yz-plme at  x = 0, and in   the  plane z = 0. Although 
i n  order to sa t i s fy  the boundary conditions everywhere else it would 
be  necesszry t o  superim2ose an additional  potential  on the system, t h i s  
additional  potential  hes Seen shown in  reference 1 t o  have zero  net 
lift end pitching moment so thzt it need not be considered i n  t h i s  
section. 

Yl y2 
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Calculation of induced lift on a cylinder due t o  EL vortex and its 
Image.- The induced l i f t  on a section dy of the  cylinder  in  f igure 1 
is the  integral  of the  pressure  difference on the upper and lover sur- 
faces of the  section dy from x = -- t o  x = -. 

A t  two corresponding  points 011 the  upper  and  lower surfeces of the 
cylinder tfle locel  pressures  are 

p2 = $ p(U + Aul) 2 

The l i f t  on the  section dy is 

Wow the vortex  flow above the  cylinder i s  equal and opposite t o  the   f l ov  
a t  corresponding  pdints below the  cylinder;  therefore, 

Expanding and simplifying  the  expressions  for pu and pz yields  

The velocity induced on the  cylinder  surface by a vortex  extending from 
Y l  to Y 2  at (x,>-, 4 , vr is given by the  Biot-Savart l a w  as 

Yl 'Y2 

'. 

. 

I 
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.- and for the image extending from a2/yl to a2/y2 

L 

On the cylinder, Au, the component  of this flow parallel to Vie  x-exis, 
is 

Au = Vr cos a 

where 

cos 8 = 

Now, for  the vortex-image  system, the increnental velocity aU is 

L 

where, on  the surface of the cylinder z = Jq - 



8 

Since 
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su5sti tution of 
y i e lds  

ecpation  (5) f o r  Au into  equation ( 6 )  and integration 

a2 
Y 2  - Y -1 Y l  - Y -1 yl - Y - t an  z + t an  

z - t an  
Z z 

= pur 2 tan-’ Z ( Y 1  - Y2)  

= + Y l Y 2  - Y ( Y 1  + Y2)  Yc 2 

Equation (7) is the equation f o r  the lateral distribution of lift induced 
on the cylinder. This can  be writ ten es 

since 

r = - ctc* bU 
4 

I n t e g r a t i n g   t o   g e t   t i e   t o t a l  l i f t  induced on the  cylinder  yields 

-. 



" 
Since  the  longitudiml  distribution of Au is symmetricel about 

the  plane x = 0, the location of the  bound l eg  of t he  horseshoe  vortex, 
t'ne longitudinal  center of pressure of the  induced ILft must be on the 

- same longitudinal  ordinate as the  bound leg. 

Superposition of lift due t o  several  vortices.- In the  more general 
case of the  wing-kip-tank combimtion, the wing is replaced by severs1 
horseshoe vortices of convenient width, born-d legs  centered on t'ne 
quarter-chord  line of the  wing, or  the  actual  cecter-of-pressure loca- 
t i o n  of the  section, if bo-m. The t i p   t a n k  is represented by an infi- 
nite  cylinder  containing images of the wing vortices.  A typical  repre- 
sentation is shown i n  figure 2. 

The lift induced 011 the cylinder by the  conplete w i r g  vortex-imge 
system  can be celculeted by  superposing the l s t s  due t o  each of the 
vortices and their images. The l i f t  induced on E cylinder by a group 
of ~II horseshoe  vortices  representing a w i n g  then is 

9 where yn is the center of the nth w i n g  vortex, sn is  the  semispan 
of that  vortex, Fn is the  strengbh of that vortex, a is the  radius 

of the  cylinder, and a2 is  &n(i), t'ne width of the 

image vortex. I n  terms of the wing paremeters and the dimensionless 
spanwise loading coefficient CZC*, the ecpztion  for  the  lift-curve 
slope of the  tank is 

- 
Yn - Sn Yn + Sn 

A ( 9 4  

where czc* = and yn is meesured from the center of the  tenk. 
bU 

Tne  moment a r m  of the  induced lift of each  vortex-image  system  x 
- 

is aeasured  fron  the  center of moments t o   t h e  bou-rLd l eg  of tht system, 
and the to ta l   p i tch ing  moment induced on the  cylinder is 
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and the moment coefficient is 

(The moment coeff ic ient   my be made dimensionless w i t h  respect   to  any 
length; however, i n  this report ,   for convenience i n  comparing calculated 
and experbtental  data, the t ip-tmk maximum diameter i s  used.) 

Correction for f in i te   l ength  of tank.- To the  preceding  calcula- 
t i o n  of the induced lift, an  approxbate  correction  for the f i n i t e  
length of the t i p  tank may be m-&e by using the same correction as that 
employed i n  reference 1 for  fuselages. The portion of the tank down- 
stream from the wing may be considered ELXI in f in i te   cy l inder   in   a l l  
cases; whereas the  portion ahead of the wing may be treated as a body 
of the  slenderness  ratio of the t ank  forebody. The correction  factor 
should  5e hlf tha t   fo r  an i s i n i t e  cylinder  (unity) added to   ha l f   tha t  
fo r   t he  forebody ( a ) .  The correction  factor q is 

q = q 1  + a) 
2 

where Q is the  correction  factor given in  reference 1 for   e l l ipsoids  
of revolution. The correction  factor q i s  plotted as a function of 
slencierness ra t io   in   f igure  3 .  It can  be  seen that  if t h i s  factor is 
neglected, the error  i s  less than 5 percent  for most practical  tip-tank 
slenderness  ratios. 

Calculation of  Body-Alone L i f t  and Moment 

Body-alone l i f t .  - The induced l i f t  011 t h e   t i p  tank is independent 
of the  angle of attack of the tank and is dependent only on the wing 
lift distribution. There is, however, a component of t h e   t o t a l  lift on 
the t i p  tank due t o  i t s  angle of attack which is referred t o  as  the 
body-alone l i f t .  In  calculating t h i s  component of t he   t o t a l  l i f t ,  the 
effect  of upwash of the wing on the  angle of at tack w i l l  be neglected 
because the bo- l i f t  is saali compared t o  the induce6 lift. Since  the 
wing tends  ‘to make the f low paral le l   to   the  t ip- tank axis i n  the region 
of the :unction or’ the two, there is  negligible body-alone lift on that  
section of the tank. Because of the  tip-tank wake, the lift on t h e  sec- 
t i on  downstream from the  locztion of maximum tmk diameter is small, 
and for  practical  purposes,  negligi5le.  Therefore, t he  concern is  
mainly w i t h  the body l i f t  over  the  section of the tank &head of the 

” 

” 



1 -  wing. An additional component or" l i f t  due t o  viscous  effects which 
varies w i t h  the square of the  angle of attack is  not  considered,  since 
the  engles of e t tack   a re  assumed t o  be snall. - 

Tce body-aiore l i f t  is calculated  simply  from Munk's a i rsh ip  t'neory 
( re f .  2) and is expresses as 

where % - K-J- is given in  reference 2 8s a function of the  slenderness 
r a t io ,  m d  dm is  the  diameter of the  body E t  the  wing-tip  leading 
edge. 

Body-alone moment.- The pitching mment f o r  a slender body of  revo- 
lu t ion  a t  an  angle of a t tack  is given by reference 2 8s 

5 where V denotes the volume of the body of revolution and M is taken 
&bout the centroid of the body. The body-alone moment of the tank w i l l  
be - 

where V' denotes  the  volwe of t he   pod ion  of the tesk ahead of the 
wing-tip lead*-g edge except when the maximun diameter of the tank occurs 
ahead of the wi-ag-tip leading edge. In this  ceSe V' is t he  volume of 
t i e   po r t ion  of the  tank ahead of kine tap! =-bum diameter. The moment, 
reference  axis is at the wing-tip  leading edge except when the tank 
~axTmum dianeter is used, i n  which case the reference  Exis is at the  
tank naxinum diemeter. Tiis procedure is i l l u s t r a t e d   i n  t he  numerical 
example given i n  the appendix. 

Total  tank l i f t  and moment .- The t o t a l  t r ~ k  l i f t  is the  sum of the 
induced and body-alone l i f t s ,  calculated from equations ( 9 )  and (11). 
The t o t e l  tank moment is the sun! of the  induced-lift and body-aloEe- 
l i f t  moments, c a l c d z t e d  from equations (10) and (12).  These sums can 
'De added t o  the wing lift End  moment t o  produce the t o t a l  l f f t  and 
moment on the wing-t ip-tenk comb h a t  ion. 
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Spanwise Wing L i f t  Distribution 

Outline of method. - I n  e manner simihr t o  tha t  of reference 1, 
t h e  spanwise wing l i f t  dis t r ibut ion is calculated  by  equating  the  angle 
of downmsh  incluced at the  three-quarter-chord  line  expressed  in  terms 
of the  vortex  strength  to  the geometric  sngle of a t tack at the three- 
quarter-chord  line at several  points  along  the span. The resul t ing 
simultaneous  equations  are  solved  for  the  vortex  strengths. The 
vortex-image  system  can be used to   ca lcu la te  the downwash a t   t he   t h ree -  
quarter-chord  line  (elthougn  the bouniiary conditions on the  cylinder 
are  not  satisfied everywhere),  provided certain  corrections are made i n  
the downwash functions. The approxima.te downwash factors  calculated 
herein  should be suff ic ient ly  accurcte f o r  most pract ical  purposes; 
however, more eccurate  values may be used when they become available. 

Downwash in  region  near bound vortices.- It was pointed  out that 
the bouneary conditions on the  cylinder of the horseshoe  vortex-hmge 
system are   set isf ied  emctly  only  inf ini te ly  far behind the wing, i n  
the  plane z = 0, and i n  the plene x = 0. The additional  potential 
necessary to   s a t i s fy   t he  boundary conditions everywhere e l se  which con- 
tri5uted  nothing to   t he   t ank  lift and moment, does  induce a domwash. 
In   the  regLon near  the 'oound vortex, the downwash due the  additional 
potent ia l  must be  considered. As suggested in reference 1, tine effect  
of the  addltional potent ia l  w i l l  be  approximated by a correction t o  the 
downwash o r  the  bound vortices which w i l l  be assumed t o  take  into account 
the greater  part  of the effect of the  additional  potential  on the  down- 
wash st the tlhree-quarter-chord l i ne .  This correction is used in   the 
i l l u s t r a t ive  example in   t he  appendix; however, f o r  wing-tip-t&nk  con- 
figurations,  t he  r a t i o  of t i p  chcrd to  tank  radius is  usually  large 

so that the effect  on the lift dis t r ibut ion w i l l  be found 

t o  be mall and the  correction may be neglecteii if tine best accuracy is 
not  required. If the  correction  factor is neglected, the tables  of 
reference 3 can be used t o  obtain most  of the downmsh functions so 
that the time required  for making the calculs;tions will be reduced 
somewhat. 

The correct ion  to   the downwash of the  bound vortices i s  obtained 
by t rea t ing  the  f l o w  induced 'Jy the bound v o r t i c e s   n o m 1   t o   t h e  w i n g  
three-querter-chord  line as a two-dimensional uniform recti l inear  f low 
past  a circular  cylinder. T"e  downwash velocity due t o   t h e  bound vor- 

t i c e s  w is increased  then  by rt w where yot - yp is  the 

la teral   d is tance from the center of the tank to  the  point on the wing 
at which the downwash is  t o  be calculated. 

2 

(Yet - YJ 
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" Reglzcing  the w h g  by m horseshoe  vorLices of convenient w i d t h ,  
the  expression for t he  doTmwash angle at m y  poiEt  p(x,y) can be 
writ ten - 

*rn where (czc*) = - 
b 

and FDp is the  dom-wash function of the trailing 
u -  

2 
legs of vortex r, located at %,yn and its images on s t a t ion  %,yp, 
an15 Gnp is the  downwash function of t he  bound l e g  of th i s   vor tex  A d  
i ts  W g e s  on ststion "Pyy'D. 

Fron the  Biot-Savart law, Fnp is the  sum of terms hexing  the  form 

and Gnp is the sum of terms  having the form 

where sn is the  senispan of the nth  horseshoe  vortex. If" the  correc- 

t i o n   t o  hp, (yet rt - ypr, is not used, the values Fnp + GnP can 

be obtained from the tables of reference 3. 
.. 
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The local  angle of a t tack of the section must be corrected at p 
es in  reference 1 f o r  t h e  presence of the cylinder  in %he f r ee  stream. 
The ve r t i ca l  component of the f r ee  stream w is affected by the cylinder 
i n   t he  same manner as t'ne bound-leg flow; the correction  factor (which 

may not be neglected) is again ypr. merefore 

The f ina l   equa t ion   for  downwash on the  pth 
willg-t ip-tank combinat ion is 

1 L 

stat ion on the w i n g  of a 

. 

J 

Now a t  a l l  the downwash stations  located midwey between the   t ra i l ing  
legs of the w i n g  horseshoe  vortices,  equation  for  the downwash c m  
be written and equated to  the  effective  angle  of  at tack aeff. The 
resul t ing n lineaz  equations  with m unknowns can  be  solved simul- 
taneously  for  the  values  of (c LC *), . 

It may be  noted that  the  Prandtl-Glauert  compressibility  correction 
may be used if desired  in  calculating  the  loading on  tine  wing at higher 
Mach numbers. Only the  calculation of the spanwise lift dis t r ibut ion 
on the wing is changed i n  this case. A I L  the  other  calculations 
described i n  t h i s  paper w i l l  be  unaffected. 

The values of (czc*), can be used  immediately in  equations (7a), 

(ga) , and (loa) t o  get t'ne l i f t  distribution, total l i f t ,  and mment 
induced on the   t i p   t ank .  

APPLICATION  OF METHOD AND COMPARISON 

OF RESULTS WITH EXPERDENT 

Used in   the  appl icat ion of the method of this report are the  wing- 
tip-tank  configurations of reference 4, f o r  wnich experimental data on 
tank l i f t s  and mments were available. These wing-tip-tank codigure-  
t ions  are similar t o  those  in  general  use:  aspect  ratio, 5.25; taper  

E 



NACA RM L53B18 - 15 

r a t io ,  0.39; sweep, lZ.7O; rzkio of radius of t i9  t a n k   t o   t i p  chord of 
wing, 0.25; slenderness  ratios of tanks, 6:1 and 8:l. The comparison 
of the  method w i t h  the experaenta i  dahs. f o r  this case  should  indicate 
whether the  method w i l l  be valid f o r  most wing-tiptank  combinations. 

In the numericel e m l e  i_n_ the appendix, t he  wing is  replaced by 
several ( t h s t  is, 10) horseshoe vortices of conveniezt  width, and the 
t i p  tank by a systen of M g e s  of the w i n g  vortices, as shown in  f is- 
ure 2('0). Since  the induced l i f t  on t h e   t i p  tank depends strongly on 
the  lift distribution  near the  wing t i p ,   s m l l e r  w i p s  vortices were used 
at t h e   t i p   t o   g i v e  be-iter  accurecy in tha t  region. Us- equation  (17) 
for   the  downmsh, the spenwise dis t r ibut ion of lift is aetermined f o r  
the wiag, a d  then by equations (91, (lo), (U) and (121, the  lift end 
moment of the t i p  tmk are ctilculated. It is t o  be noted that if' the 
spaslwise l i f t  dis t r ibut ion on %he w i n g  i n  the  preseace of' t i g  tanks is 
known, the ccmputation is reduced by e considereble amount. 

A comparison or" e-erinental  results w i t h  those  obtained from the  
numerical  exmple  in the appendix is sumaarized as follows (? ' is 
posit ive forward  of the tank center of gravity i n  the  following  tabulation): 

(\o)a . . . . . . . . .  
(cLGTt) . . . . . . . . .  
th): - P h o )  a . . . .  

( 'ko)  a 
. . . .  
. . . .  
. . . .  

Tneory 

4.32 

4.74 

0 . o g  

0.0185 
0.0192 
0.0185 
0.955 
0.289 

2 .ooo 

L.06 

4.45 

0.096 

0.0172 
0.0175 
0.0174 
0.884 
0.623 
2 .140 

6.4 percent 

6.5  percent 

1 .O percent 

7.6 percent 
9 .'j' percect 
6 . 3  percent 
1 .2  perceslt tank Length 
4.1 percent ts-ak leo&h 

1.8 percezt tank length 

Figures 4 t o  6 show comparisons of experimental  values of CLt 

and C witn  theoretical  valaes  plokted from vslues of Mt and 

I 
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Cetermined the method of t h i s  paper, a s s u i n g   t h e  zero l i f t  

poin ts   to  3e those  indicated by experiment.  Figures 7 and 8 present 
the  celculaked spanwise l l f t  dis t r ibct ions over the wing, wing-tip-tank 
cmblnztion, an6  over t h e   t i p  t d .  Tne s m 1 1  differezce between the 

calculated and experimental  values of indicates t'mt 

the method of calclllating wing-tip-tadk interlerence is good. Tne 
larger  differences between calculated and experimental  values of 

can  be a t t r i bu ted ,   i n   pa r t   a t   l ea s t ,   t o   t he   s imp l i f i ed  

representation of the  wing by only ten  vort ices .  

Since the induced l i f t  on tne   t i p   t anks  is  a function of t he  span- 
wise circulat ion on the wing, the  agreenent between calculated and 
experimental  values of tank lift indicates  that   the  calculated spanwise 
wing l i f t   d i s t r i b u t i o n  i s  valid,  dthoug;?  the  experimental  distribution 
of l i f t  over the wing-tip-tank  combination was not  available. 

Since  the body-alcne l i f t  and moment are  only small par t s  of the 
t o t a l   l i f t  and mDmeat on t h e   t i p   t a n k   i n   t h e  presence of the wing, the 
approxbmtions  wed  in  simplifying  the  calculations of the body-alone 
l i f t  and moment are  considered t o  be good  enough f o r   t h e  purposes of 
the analysis  in this paper. A possible  exception will be the case of 
the  extreEe  forward tank, where the body-alone lift is sur-ficiently far 
forward t o  produce an cppreciable  contri5ution t o   t h e  tank pitching 
moment.  More accurete methods of calculating  the body-alone l i f t  and 
moment might be employed t o  &prove the  accuracy of the  celculation of 
t he   t c t a l   t ank  lift End moment in   t he  extreme f o m r d  case. 

A method of amlysis   hss  been  developed f o r  calculat ing  the loacing 
on  wing-tip-tank cozblnetlons  in sEbsonic  flow,  taking  into  account 
wing-tip-tank interference. Goad agreement with  experimental results 
for the  l i f t  on the combination, the  l i f t  on the t i p   t ank ,  an6 the  center 
of pressure on the t i p   t a n k  were obtained  for  three  typical  configura- 
t ions .  The error  in  the  caicuhted  center-02-pressure  location on the  
t i p  tank f o r  the  case OZ a  tank locater5  witn the  nose far ahead of t he  
wing-tip  leading edge wes f o w d   t o  be grezter   than  the  errors   in  the 
other ca lcda ted   r e su l t s .   S ixe   t he   l oad ing  on t h e   t i p  tad< depends 
largely on the Epanwlse l i f t  dis t r ibut ion on the wing, the  calculated 

c 



IN 
17 

spanvise  loading would a l so  be expected -io be in good agreement w i t h  
spanvise l i f t  distributions  obt-aiced by experiment,  although the l a t t e r  
were not  available f o r  comparison. 

Langley  AeronsutFczl  Laboretory, 
Nztional  Advisory Comlttee Tor Aeronautics, 

Langley Field,  Va.  



APPENDIX 

Gsoxetry of Configuration 

NACA RM L53B18 

In  order  to  i l iustrake  the  nethod,  celcul&tions w i l l  be made for 
the wing-tip-tank configurztions used in   the   t es t s   repor ted   in   re fe r -  
ence 4. Eqerimental   rodel dimensions are vfng  spm, 92.08 inches and 
tank  radius, 1.9" incl?es and the  geonetric  characterist ics as given  in 
reference L- are:  

Aspect r a t i o  . . . . . . . . . . . . . . . . . . . . . . . . . .  5.25 

Taper rat i o  . . . . . . . . . . . . . . . . . . . . . . . . . .  0.393 

Sweep (quarter  chord), deg . . . . . . . . . . . . . . . . . . .  12.7 

Tip-tank  radius, - rt . . . . . . . . . . . . . . . . . . . .  0.04275 
5/2 

T ~ n k  slenderness  ratios, - e 
%x 

Central  cese . . . . . . . . . . . . . . . . . . . . . . . . .  6.0 
Iiearward case . . . . . . . . . . . . . . . . . . . . . . . .  8.0 
Forwzrd case . . . . . . . . . . . . . . . . . . . . . . . . .  8.0 

Location of tank  center of gravity,  rearward of wing-tip  leading 
" 

Centre1  case . . . . . . . . . .  . . . . . . . . . . . . . .  0.80 
Rearward case (et  case of r e f .  4 j  . . . . . . . . . . . . . .  1.81 
F o m r d c a s e  . . . . . . . . . . . . . . . . . . . . . . . . .  -0.195 

Calculation of Spanwise L i f t  D:stribution on Wing 

Coordinates of l i f t  an6 downwash s ta t ions.-  The wing will be repre- 
sented by f ive  korsee3oe vortices cn eac:? senispan,  tkree  inboard  vor- 
t i c e s  of spao L and two outboard of spen 1 2. The  Sound legs  

4 2' 8 2  
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are  centered on the  quarter-chord line end the  donwash points  are 
loceted on the  three-quarter-chord  line, midway between t h e   t r a i l i n g  
legs. Tne or igin is a t   t he   i n t e r sec t ion  of the quarker-chord l i n e  w i t h  
the  exis of symmetry. All distances in  t h i s  section w i l l  be made ciimen- 
s ior less  w i t h  respect t o  s, the semispan of the inboard wing horseshoe 
vortices.  The center of each bound l e g  w i l l  be called e "lut point .'I 

(See f ig .   2 (a) . )  The coordinates of the  lift points  are as follows: 

1 .oo 
5.00 

7.50 

3 .oo 

6.50 

0.2254 
.6761 

1.1268 

1.6902 
1.4648 

I 

The coordinates of the  downwash points  are: 

P I 'Ypl 

1 .oo 
5 -00 
3 .oo 

6.50 
7.50 

2.3670 
2 .w+4 
2 9 5739 
2 A334 

The coordinates of the b g e  lift points  are:  

xn' 

The case where n = 2'  denotes a single  vortex wbickt represents  in 

add i t ion   t o  rz(i) ~IL the  successively smeller a g e s  between r 2 ( i )  
and the  center of the  cylinder  (see  f ig.  2 (b) ) . 

w 



20 k NACA RM L53B18 

Ca1cul.ation of downwash.-  The  downwash function for the t r a i l i n g  
legs Fnp is the sum of fnp ( the downwash function os" the  vortex 
loccted at lift point %,yn (on p) ) ,  fnp' (the  dommsh  function 

of the vortex at l i f t  point %,-yn), and fnp (i) and fnp(i) '   (the 
Ciownwash func t ions   for   the   t ra i l ing   l egs  of the tTm image vortices (one 
i n  each t a rk)  ) 

Fnp = fnp + fnp ' + fnp (i) ' 

and similerly f o r  the bound legs 

Making equations (14) and (15) dimensionless w i t h  respect t o  

yields 
s = z  b 

and 
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Since the  loading is synrmetrical (I'(%,yn) = I' (G, -yn)), only "ne 

&oTmmsh on oEe half of the  wing need be computed. In  order t o  calcu- 
l a t e   t he  downwash function on s t a t ion  5 due t o  all vortices of 
strength i'5, substi tute  the  values of %: end ynl f o r  n = 5, and 
5' and y P l  for p = 5 (snl i n  this case is equel t o  0.5) i n  equa- 
t ions  (.AI-) and (A2); then 

7 
" 1 +  2.6334 - 1.6902 

$2.6334 - 1.6902)~ + (0.5)2 
f5,5 - 0.5 - 

2.6334 - 1.6902 
- 1.6902)~ + (0.5)2 J 

f5,5 = 7.5342 

Similerly, 

End the   fuc t ions   f5 ,5( i )1  and g5,5 (i) '  of the opposite U g e  are 
negligible. 

The correct ion  factor   for  tfie bomd-leg downwash function 
2 

at s t a t ion  p = 5 is 

J 
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so 

and 

3'5,s = )fg,5 = 6.1208 

G5,5 = )g5,5 = 1.1595 

and t h e   t o t a l  downwash function is 

The calculation of F4, 5,  G4, 5, F3, 5,  G3, 5, F2,5, and  G2,s is 
s hilar. F1, and G1,5 do not  include downwash functions due t o  
a g e s  of r1, because these  are  included as parts of t h e   t o t a l  imzge 

representel! by I'2(i). Care m m t  be  taken  that  the  proper  value of sn 
be  substi tuted  in computing fnp and h p .  

Distribution of l i f t  over win&. - "he downwash a t  point 5 can now 
be writ ten 

and a similar treatment of tAe other Tour downwash points  gives  the  set  
of simultsneous eqwtions Tor ( i)p i n  (cZc*ln. These are ss follows : 



vhere 

(31 
= 3.035065" - 1. 31827r2 * - 0. 24018r3 * - 

0.12065~~* - o.08244r5* 

= -0.21093r1* - 1.20623r2* + 4.45794r3* - 

8 .38g20r4* - 2 .43846F5* 1 
E) = -0.10021r1* - o.23465r2* - 0.67227r3* - 

5 

J 

Now the geometric  angle of attack,  corrected  to i t s  e f f e c t i v e   v d u e   i n  
the  gresence of the cyl indrical  tank by eqmtion (16) , is, since the w i n g  
is untwisted and the tar& is oot &-i; &,n angle of incidence (% = a,) , 

a1 = 1.00210 

a3 = 1.01496 

c 
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a4 = 1.03452 

NACA RM L53B18 

f o r  a unit geometric  angle of atteck. Equating the effective  angle of 
a t t ack   t o   t he  downwash angle i n  equztions (A3) and solving  for ( c ~ c * ) ~  

yields the  sp.snwise l i f t  distribution over the wing 

(cZc*), = 1.96321 

( c ~ c + ) ~  = 1.66579 

( C ~ C * ) ~  = 1.38555 

( czc* )~  = 1.18883 

These velces  ere  plotted  in  f igure 7. The lift-curve  slope of the wing 
in   t he  presence of t he   t i p   t ank  is 

Calculation of Indmed L i f t  on Tip Tenks  

Induced lii't .- men  the wing l i f t  dis t r ibut ion  in  t3.e presence of 
the t i p  tax is  known and represented by a se t  of finite-width horseshoe - 
vortices, the  l i f t  induced 
i s ,  by eqmtion (ga), 

on an  attachel!  cylindric81 body at t h e   t i p  

where ( A Y * ( ~ ) ) ~  is the wfdth of the image of the  nth wing vortex. 

Substituting (czc+), End (w(i))n yields 

.J 
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(QG 
= 1.3125k1.188) (0.03185) + (1.386)(0.00465) + 

(1.666) (0.00288) + (1.963) (O.OO337] 

= 0.07318 

f o r  one cyl indrical   t ip   tank.  The correction  factor f o r  t he  f ini te  
lengLh of the tank f o r  a nose-section  slenderness r c t i o  of 5.4:1 is 
0.945 from figure 3, so that t h e   t o t z l  induced l i f t  coefficient on  one 
t i p  tank fo r   t he  central and remw&rd configurations is 

(".t), = (0.945)(O.CY7318) = 0.0692 

For the tank  in   the forward posit ion tine correction is 0.955 f o r  t he  
assumed slenderness r a t i o  or" 7.5:1 and 

Lateral   d is t r ibut ion of induced lift.- Equetion (7) which gives 
the  leteral dis t r ibut ion of induced l i f t  on the  te& due t o  a single 
horseshoe  vortex snd i ts  inage  cen  be  written 

-1 
1 t (,,I + sn")(yn' - Sn") - 2y,"y" 

where the double  grime  denotes  dimensionless  with  respect to rt, 
the  radius of t h e   t i p  tank, sn" is the semispan of the  nth  horseshoe 
vortex and yzl I ' is -the distance From the  center of the  tank t o  the 
l i f t  point of the  cth  vortex.  The section l i f t  at a s ta t ion   y '  I on 
the  tank  then is  
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aLt A -  
Tne values of (z)= at y ' I = 0.5 are  calculated i n  the following 

table : 

n 
(CZC*), (en/+ = 

tan 0, 

5 
4 

0.6050 0.2545 1.029 

.0158 .00384 .01205 1 

.0271 .0069 .0217 2 

.0685 .0206 .0648 3 

.lo38 0375  .1180 

-i 0093 .0023 .00708 

For y" = 0.5 

. 
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The l i f t s  &t soae  other  stations, which k v e  been cdculated simflerly, 
are  tabulated below  and are plotted  in  f ' igure 8. 

Y' ' 

-9 
.5 

0 
- .5 
"9 
-1.0 

1.0385 
.8296 
.6270 

1763 
.4195 

. 0000 

Calculation of body-doze l i f t . -  In  the cases of the   cen t ra l  and 
reamrd  t ip- tank  configure%ions,  the slenderness  ratio of the tank  sec- 
t i o n  ahead of the  wing-tip  leading edge is 3.92 : 1, Kz - K1 is 0.778, 

and - d m  is -. From equation (11) , the  body-alone lift is  3.86 
b/2 46.04 

and 

Lg 
= 3- 

= a ( s . z s ) ( s 7 ( 0 . 7 7 8 )  8 46.04 

= 0.01124 

c 
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For t he  forward  tip-tank  configuration,  the  slenderness  retio of the  

ncse  section is 5.4:1 so t n a t  Q - K1 is 0.873, an5 - - - 
b/2 46.04 

- 3.94 

T o t a l  l i f t  on t i p  tank.- The to ta l   coef f ic ien t  of lift on the t i p  
tank is the  sum of  tlne induced and body-alone lift coefficients,  which 
i n  the central  and rearward  cases is 

and i n   t h e  forward tank  case i s  

(CLt>a  
= 0.0699 + 0.0132 = 0.0831 

The values of  C are  plotted  against   in  f igures  4(a),   5(a),  

knd 6(a) f o r  comparison w i t h  experiment. 
Lt cLWO 

Total L i f t  on Configuration 

Wing-alone l i f t  .- For comparisofi with  the  experimental  d&ta,  the 
vortex  represent&  ion of the  wing shorn in   f igure 2(a) was used in  cal-  
culat  ir-g the  loading on the wing alone.  T?e  section l i f t   c o e f f i c i e n t s  
so obtaioed  are 

. 
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and the t o t a l  wing-done l i f t  coefficien-l is 

5 

= 2 f@zc*) Ayn* = 4.32 
n 

n=l 

Wing--Lip-te.nk combination lift .- The to-ial lift coefficient of the  
whg-tip-tank  combination is, for   the   cen t ra l  and rearward cases, 

so  that   the   total   increase  in  lift on the  configuration due t o  adding 
t i p  tanks is  

A(CL), = 0.42 

Calcul&tion of Moznents on Tip Tank 

Eio=er?t of induced l i f t  - (centre1 tank) . - The  moment of the induced 
l i f t  on t h e  t i p  tank is the  sum of the xoments 02 all components of the 
induced lilt. The center of pressme of each comgor-en% is located at 
the  sane longitridinzl  station E?S the  corresponding wing section  center 
of pressure. These center-of-pressure  locatioos were e s t k t e d  using 
the  curves of reference 5. The Cistance of' each  center of pressure from 
the wing-tip  leading edge (dinensionless  with  respect to t he  tank diam- 
eker) is (Z '  ' is posit ive rearward from the wing-tip  leading edge) 



TAe  rnoxzieEts of the  individuai components about the wing-tip  leading 
edge are  

From e q u t i o n  lO(a), 

so  that about  the  wing-tip  leading edge 

!he coer’ficier;t of 

center  of  presswe 
the tank therefore 

I 

induced l i f t  on t’ne tmk is  

o f  induced l i f t  (rearward of 
is 

(cLtSa = o .0692. The 

wing leading edge) on 

‘Ple moment coefficrect of t he  izduced l i f t  &oGt the  tank ceater of 
grzvity i n  the c e n t r d  case is 

(‘~t) a 
= (O.O69Z)(O.830 - 0.004) = 0.055 

and i n  the reanmrd  case 

. 
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In  the fo,-ward case it is  

Body-alone moment.- For the   central  an& rearward  cases  the  value 
of V' in  equation I2(a) is equd. to the volume of t h e  portion of the  
tank which extends  ahead of the  w i c 4  leEding  edge. Fron the  d-hensions 
given in reference k for these t w ~  cases ,   th is  v o l m  is half  the% of 
an  ell ipsoid of' revolution  having a slecderness  ratio of 3.92:l and a 
maxhum diameter of 3.86 inches. (Note t h a t   i n  the coefficient 

the  reference  lengbh is  s t iU the  actual  value of anax = 3.94 inches 
From reference 2 the  value of K2 - Kl is 0.778. Theo 

% 
9 

= 2  3 2  2 
(11.22)(144)(3.94) (0.7781 

= 0.0145 

This moment is abou% the  wing-tip leading edge, and t o  czlculate it 
sbout  the tank center of grevity,   the  center of pressure of the body 
l i Z t  nust be known. The center of Fressure (ahead of the  leeding edge) 
is 

About  %'ne tank  center of grwity,   therefore ,  on the  central   tenk 

ptg), = o.on2(1.29 + 0.80) = 0.023 
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and an the rearward tank 

NACA TiM L53B18 

a 
= 0.0112(1.29 + 1.81) = 0.035 

For the  forward case the V' i n  equation 12(a) is the volume or" 
the  portion of the  tank ahead of the tank mximum diameter. From t he  
dimensions in  reference 4, the  tank maximum diemeter is loceted a t  
1.27 hx ahead of the  w i n g - t  ip  leading edge (or i .O7 hx ahead of 
the  tank c .g .  ) , and the shape of tne  tsnk ahead of the  maximum diameter 
is that of an  e l l ipsoid of revolution w i t h  a slenderness  ratio of 5.4:l. 
Tne value of $ - K1 i n  t h i s  case is 0.873. Then 

= 0.0238 

The center of pressure of the body lift is 1.80 hx ahead of the tank 

maxinun diameter since ? ' I  = = 1.80. The pitching-monent a 

coefficient about the tmk center of gravity is then 

[GtB)a = (CLtB), 
(1.80 + 1.07) 

= (0.01318)(1.80 + 1.07) = 0.038 

Total tank mnent .- The pitching-moment coefficient about  the tank 
center of grav i ty   in  the central  case is  

in  the  rearmrd  cese is  (%) = 0 .l25 + 0.033 = 0 ~ 6 0 ,  and in   t he   fo r -  

ward case is 

plot ted  egainst   in   f igures  4(b) ,  S(b),  and 6(b) f o r  comparison 

with experiment. 

(%>a = 
0.055 + 0.023 = 0.078, 

U 

(%>, = 
-0.014 + 0.038 = 0.021;. The values  of % axe 
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Figure 1.- Diagram of the  horseshoe-vortex-infinite-cylinder  combination 
with  the  image  vortices  within the cylinder. 
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(a) Diagram of complete  vortex-image system 
for  the wing-tip-tank combination. 
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Flgue  2.- I l lustration of wing-tip-tank configuration and vortex-Image 
system used i n  i l lustrat ive example. 
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(b) Detailed diagram of the tip-tank image system. 

Figure 2. - Continued. 
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(c) Illustration of the three tip-tank locations  considered. 

Figure 2. - Concluded. 
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Figure 3. -  Correction factor f o r  the induced lift on the t i p  tank. 
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(a) Tip-tanlc  lift  coefficient . (b) Tip-tank  pitching-moment 
coefficient. 

Figure 4 .- Comparison of theoretical snd experimental  tip-tank  lift and 
pitching-mment characteristics.  Central  tank. 
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(a) Tip-tank  lift  coefficient. (b) Tip-tank  pitching-moment 

coef f icicnt . 
Figure 5.- Caparison of  theoretical and experimental  tip-tank  lift and 

pitching-moment  characteristics. Rearward tank. 



(a) Tip-tank  lift  coefficient. 

70% .I .2 .3 .a .5 
u 

(b) Tip-tank pitching-moment 
coefficient. 

Figure 6.- Comparison  of  theoretical  and  experimental  tip-tank  lift and 
pitching-moment  characteristics.  Forward tank. 
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Figure 7.- CalcuJ..ated spanwise lift distributions  for a wing with and 

without t ip  tanks. A = 5.25; A = lZ.7O; A. = 0.255; rtQ = 0.0428. 
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Figure 8. - Lateral distribution  of induced lift over the t l p  tank. 
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